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In the presence of constant background electromagnetic fields, we discuss three types of exactly
marginal boundary tachyon operators for static kinks in boundary conformal field theory. Functional
forms of three operators are hyperbolic sine, hyperbolic cosine, and exponential types, and they
describe codimension-one solitons when the transverse electric field has overcritical value. The
energy-momentum tensor and the source for antisymmetric tensor field are computed in the path
integral approach for the exponential-type tachyon vertex operator.
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I. INTRODUCTION
Study of the open string tachyon has led to some un-
derstanding of the nonperturbative aspects of string the-
ory [1]. Among many results related to the open string
tachyon, rolling tachyons and tachyon solitons have been
important issues.
When an unstable D-brane decays homogeneously, the
real-time decay process of the D-brane can be described
by a marginally-deformed boundary conformal field the-
ory (BCFT) [2, 3]. A. Sen found one parameter fam-
ily of time-dependent solutions, referred to as rolling
tachyon, is identified with the marginal deformation pa-
rameter. This has been studied in Refs. [2, 3, 4] for the
pure tachyon case and in Refs. [5, 6] in the presence of
background electromagnetic fields. These time evolution
properties of the unstable D-brane are also described in
the other effective field theories, e.g., boundary string
field theory (BSFT) [7, 8, 9], Dirac-Born-Infeld (DBI)-
type effective field theory (EFT) [5, 10, 11], and non-
commutative effective field theory (NCFT) [5, 12].
Simultaneously, much work has been done on tachyon
solitons, for instance, tachyon kinks [13, 14, 15, 16, 17,
18, 19], tube [20], and vortices [13, 17, 21]. For the case
of the pure tachyon, only the array of kink-antikink is
found [14, 15, 16]. In the presence of constant electro-
magnetic fields, Fµν , rich spectra of the tachyon kinks are
found and those configurations are classified according to
the sign of C11, the (11)-component of the cofactor for
matrix (η + F )µν , where x
1 is the transverse direction
to the kink [15]. When C11 is negative, there are two
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species of kinks which are the array of kink-antikink and
the single topological BPS kink. These two kinks are also
identified in BCFT, NCFT, and BSFT [19]. (In addition
to the above two, there is another solution in DBI-type
EFT [15] and NCFT [18].) On the other hand, for p ≥ 2,
C11 can be positive when there are nonzero components
of electric field in both longitudinal and transverse direc-
tions as well as nonzero magnetic field. In this case, there
are three more species of kinks named bounce, half-kink,
and topological non-BPS kink in BSFT [19], DBI-type
EFT [15], and NCFT [18]. These solutions have not been
investigated in BCFT.
The purpose of this paper is to study the latter three
types of solutions in the context of BCFT. We con-
struct exactly marginal boundary tachyon operators in
the presence of constant electromagnetic fields. Func-
tional forms of these operators are hyperbolic cosine, hy-
perbolic sine, and exponential types. We compute the
spacetime energy-momentum tensor and the source for
the antisymmetric tensor for the exponential-type oper-
ator by using the path integral approach [4] in bosonic
string theory.
In II, we identify exactly marginal boundary tachyon
operators in the presence of constant background electro-
magnetic fields. In III, we obtain the spacetime energy-
momentum tensor for the exponential-type operator by
using the path integral approach. We conclude in IV.
II. TACHYON VERTICES FOR STATIC KINKS
Let us consider an unstable Dp-brane of tension Tp (p ≤
25) with fundamental strings in bosonic string theory.
Dynamics of the unstable Dp-brane is described in BCFT
by introducing interaction terms of the tachyon T (X) and
the gauge field Aµ(X) on the boundary of the worldsheet.
Specifically, in the flat spacetime, the worldsheet action
2is given by
SBCFT = S0 + SA + ST (1)
with
S0 =
1
2pi
∫
Σ
d2w ηµν∂X
µ∂¯Xν,
SA =
i
2pi
∫
∂Σ
dτAµ(X)∂τX
µ, (2)
ST =
∫
∂Σ
dτ T (X), (3)
where Σ denotes a worldsheet and τ is the coordinate
along the worldsheet boundary ∂Σ. We also have the de-
formed boundary condition for Xµ(w, w¯) in the presence
of the background electromagnetic field,
(∂ − ∂¯)Xµ |w=w¯ +Fµλ(∂ + ∂¯)Xλ |w=w¯= 0, (4)
where w = τ + iσ (−∞ < τ < ∞, 0 ≤ σ < ∞) is the
complex coordinate on the upper half plane (UHP). From
the action (2) we read the worldsheet energy-momentum
tensor:
Tww = −ηµν : ∂Xµ(w)∂Xν(w) : . (5)
The main purpose of this section is to find conformally-
invariant tachyon vertices, ST, in the presence of a con-
stant electromagnetic field Fµν , which are appropriate
for tachyon kinks. For convenience, we take symmetric
gauge, Aµ = − 12FµνXν . The general exponential-type
tachyon vertex operator in open string theory is written
as
T (X) =
∑
i
(
λi+e
iki+·X + λi−e
−iki
−
·X
)
, (6)
where λi± and k
i
± should be chosen to make T (X) real.
Under the deformed boundary condition in Eq. (4), the
correlation function on the upper half plane is obtained
through operator product expansion [22]:
〈Xµ(w)Xν(w′)〉UHP
= −ηµν ln | w − w′ | +ηµν ln | w − w¯′ |
−Gµν ln | w − w¯′ |2 −θµν ln
(
w − w¯′
w¯ − w′
)
(7)
with open string metric Gµν and noncommutative pa-
rameter θµν defined by
Gµν =
(
1
η + F
)µν
S
, θµν =
(
1
η + F
)µν
A
, (8)
where ‘S’(‘A’) denotes the symmetric (anti-symmetric)
part of the matrix component. Then Eq. (7) on the
boundary of coordinate τ ′ provides
X(w)X(τ ′) ∼ −Gµν ln |w− τ ′|2− θµν ln
(
w − τ ′
w¯ − τ ′
)
. (9)
The conformal weight of the tachyon vertex operator
at the boundary may be identified by considering the
operator product expansion with the worldsheet energy
momentum-tensor. By using Eq. (9) and the deformed
boundary condition (4),
Tww(w) : e
ik·X(τ ′) : ∼ G
µνkµkν
(w − τ ′)2 : e
ik·X(τ ′) :
+
1
w − τ ′ ∂τ ′ : e
ik·X(τ ′) : .(10)
Then the boundary operator has conformal weight h =
Gµνkµkν and becomes marginal when
Gµνkµkν = 1. (11)
For the rest of the paper we will consider only the
operators which depend on a single spatial coordinate,
say X1, in bosonic string theory. In this case, Eq. (11)
reduces to
k21 =
1
G11
=
Y
C11
, (12)
where Y ≡ det(η + F ) and Cµν is the cofactor of the
matrix (η +F )µν . For physical electromagnetic fields, Y
is nonpositive definite, but C11 can have both negative
and positive values for p ≥ 2. Thus depending on the
signature of C11, k1 can be real or imaginary. This is
in contrast with the case of rolling tachyons, in which
k20 = Y/C
00 is always negative, since Y is negative and
C00 is kept positive.
When C11 is negative (k1 is real), the exactly marginal
tachyon vertex operator has the form, up to a translation
in X1,
T (X) = λ cos
(√
−Y
−C11 X
1
)
, (13)
where we set λ+ = λ− =
1
2λ and k
1
+ = k
1
− = k1 in
Eq. (6). The resulting configuration for the pure tachyon
case (Y = C11 = −1) is interpreted as an array of D(p−
1)D¯(p − 1) [23, 24]. Eq. (13) was also discussed in the
presence of an electric field in superstring theory (Y =
−1 + E2, C11 = −1) [17].
When C11 is positive (k1 is pure imaginary), the real-
ity condition for the tachyon vertex operators in Eq. (6)
requires that both λ+ and λ− should be real. Accord-
ing to the boundary values of T , the tachyon vertices
are classified by three types: (i) T (−∞) = ∓∞ and
T (+∞) = ±∞; (ii) T (−∞) = 0 and T (+∞) = ±∞;
(iii) T (−∞) = ±∞ and T (+∞) = ±∞:
T (X1) =


(i) λ sinh
(
κX1
)
(ii) λ exp
(±κX1)
(iii) λ cosh
(
κX1
) , (14)
where
ik1 =
√
−Y
C11
≡ κ. (15)
3Now we check the exact marginality of T (X1). The
operator product expansion of T (X1) with itself contains
only pole singularity at most,
T (X1(τ1))T (X
1(τ2)) =
K˜
(τ1 − τ2)2 + (regular terms),
(16)
where K˜ = − 12λ2, 0, and 12λ2 for (i), (ii), and (iii) in
Eq. (14), respectively. (Note that in this calculation the
noncommutative parameter θµν plays no role, since T (X)
consists only of a single field X1.) This implies that the
operator T (X) is self-local [25], which guarantees that it
is exactly marginal.
III. TACHYON KINKS WITH
ELECTROMAGNETIC FIELD
In the σ-model approach to the string theory, the
partition function of the worldsheet action with exact
marginal couplings is identified as the spacetime action,
and the couplings are interpreted as spacetime fields [26].
In relation to rolling tachyons, the energy-momentum
tensor has been obtained from the partition function of
the worldsheet action (1) without gauge field interaction
[4]. Here we take into account the gauge field interaction
on the worldsheet boundary induced by the constant elec-
tromagnetic fields in addition to the tachyon vertex term.
The energy-momentum tensor in BCFT can be read from
the partition function of worldsheet theory coupled to
background gravity [4]:
S = Zdisk ∼
∫
[dXµ]e−SBCFT , (17)
where Z is the disk partition function, and we have re-
placed ηµν in SBCFT with the generic curved spacetime
metric gµν . From the spacetime action (17) we read the
energy-momentum tensor in flat spacetime:
Tµν ≡ − 2√−g
δS
δgµν
∣∣∣∣
gµν=ηµν
= K [ηµνB(x) +Aµν(x)] , (18)
where
B(x) =
∫
[dX
′µ]e−[S0(X
′µ)+SA(X
′µ)+ST (x
µ+X
′µ)]
=
〈
e−ST (x
µ+X
′µ)
〉
A
, (19)
Aµν(x) =
∫
[dX
′µ]
(
: ∂X
′
µ(0)∂¯X
′
ν(0) :
+ : ∂X
′
ν(0)∂¯X
′
µ(0) :
)
× e−[SA(X
′µ)+ST (x
µ+X
′µ)]
=
〈(
: ∂X
′
µ(0)∂¯X
′
ν(0) : + : ∂X
′
ν(0)∂¯X
′
µ(0) :
)
× e−ST (xµ+X
′µ)
〉
A
. (20)
The notations used here are as follows. K in Eq. (18) is
an overall constant. The symbol : : denotes the normal
ordering defined by
: ∂Xµ(z)∂¯
′
Xν(z′) : = ∂Xµ(z)∂¯
′
Xν(z′)
+ηµν∂∂¯
′
log |z − z′|. (21)
Xµ is split into the center of mass coordinate xµ and
fluctuations X
′µ, i.e., Xµ = xµ + X
′µ. Finally, 〈· · ·〉A
denotes the vacuum expectation value in the presence of
the gauge field. Proper normalization is made by choos-
ing the vacuum-to-vacuum expectation value for the unit
operator in the presence of the constant electromagnetic
fields as
〈1〉A =
√
− det(ηµν + Fµν) . (22)
Now we assume the case where p ≥ 2 and C11 > 0.
Then, the operators in Eq. (14) are exactly marginal and
we can consider the deformation by them. Here we will
consider only the exponential type,
T (X1) = λ eκX
1
, (23)
and compute the spacetime energy-momentum tensor in
Eq. (18). After some calculations following the method
in [4], we find
B(x1) =
√
−Y f(x1), (24)
Aµν(x1) = 2
√
−Y
[(
Gµν − 1
2
ηµν
+κ2
(
Gµ1Gν1 − θµ1θν1) )f(x1)
−κ2 (Gµ1Gν1 − θµ1θν1) ], (25)
where
f(x1) ≡ 1
1 + 2piλeκx1
. (26)
Combining Eqs. (24), (25), and (18), we finally obtain
T µν = Tp
√
−Y κ2
[
−
(
1
κ2
Gµν +Gµ1Gν1 − θµ1θν1
)
f
+Gµ1Gν1 − θµ1θν1
]
, (27)
where we have determined the overall normalization con-
stant, K = − 12Tp, by comparison with the static limit,
T 00(λ = 0, Fµν = 0) = Tp. (28)
Note that the energy-momentum tensor (27) satisfies the
conservation law,
∂µT
µν = 0. (29)
4In addition, we compute the source for the antisymmetric
tensor field from the spacetime action (17) as
Πµν ≡ 2 δS
δFµν
=
Tp
2
〈(
: ∂X
′
µ(0)∂¯X
′
ν(0) : − : ∂X
′
ν(0)∂¯X
′
µ(0) :
)
× e−λ
R
dτeκ(x
1+X
′1)
〉
A
= Tp
√
−Y κ2
{[
1
κ2
θµν − (Gµ1θν1 −Gν1θµ1)] f
+Gµ1θν1 −Gν1θµ1
}
. (30)
From Eqs. (27) and (30), we see that both T µν and Πµν
have essentially the same x1-dependent term given by
Eq. (26). For some components, the x1-dependent part
vanishes. Let us consider the case p = 2 for definiteness.
Then, −Y = 1−E21−E22+B2(> 0) and C11 = −1+E22(>
0) and, we find constant components
Π01
E1
=
Π12
B
=
T 01
E2B
=
T 11
1− E22
= − T
02
E1B
= − T
12
E1E2
=
T2√−Y , (31)
while the other components are given by the sums of an
x1-dependent piece and a constant,
Π02 = −T2
√−Y E2
1− E22
f +
E2(E
2
1 −B2)
E1(1− E22 )
Π01, (32)
T 00 =
T2
√−Y
1− E22
f +
E21 + E
2
2B
2
E1(1− E22 )
Π01, (33)
T 22 =
T2
√−Y
1− E21
f − E
2
1E
2
2 −B2
E1(1− E21 )
Π01. (34)
Note that for positive λ, f(x1) is regular everywhere,
while it has a singular point if λ is negative. This is
a well-known feature of bosonic theory and implies an
instability of bosonic theory [2] in which the effective
tachyon potential is unbounded from below in the nega-
tive tachyon direction. For positive λ, the static tachyon
configuration connects the perturbative string vacuum at
T = 0 and the vacuum at T = ∞, where the unstable
D-brane disappears. Therefore, it may be interpreted as
a half brane (12D(p − 1)-brane) similar to a bubble wall
at a given time connecting two phases. This configura-
tion has already been obtained as a half kink in DBI-type
EFT [15], NCFT [18], and BSFT [19]. Since these effec-
tive actions can be derived from the superstring theory,
we expect that the half brane can also be obtained in
super BCFT.
In addition to the exponential-type vertex, there exist
two more boundary tachyon operators, hyperbolic sine
and cosine in Eq. (14). They could also be studied in the
context of BCFT.
IV. CONCLUDING REMARKS
We have investigated tachyon vertex operators which
are exactly marginal and depend on only one spatial di-
rectionX1 in the presence of background electromagnetic
fields in bosonic string theory.
We found that, when det(η+F ) < 0 and C11 > 0, there
are hyperbolic sine, hyperbolic cosine, and exponential-
type exactly marginal operators. This case can be real-
ized depending on the magnitude of electric and magnetic
fields along the transverse direction of x1. Therefore, the
dimension of the unstable D-brane should be equal to or
larger than two.
We obtained the general form of the energy-momentum
tensor for the exponential-type operator by using the
path integral approach developed in Ref. [4]. It may be
interpreted as a half brane, which has been found in other
approaches such as DBI-type EFT, NCFT, and BSFT.
Our analysis may be extended to the superstring case
and also to other marginal operators, i.e., the hyperbolic
sine and hyperbolic cosine cases. It may also be intrigu-
ing to include the R-R coupling [27].
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